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Abstract:  The double-diffusive convection MHD flow of a second grade fluid with a convective surface boundary 

condition in the presence of elastic deformation in a porous medium with Soret and chemical reaction over a 
stretching sheet are investigated. The particular attraction lies in searching the effects of a second grade fluid 
parameter, elastic deformation, chemical reaction parameter and the diffusion thermo on the flow. The 
governing nonlinear partial differential equations for the flow, heat and mass transfer are transformed into a 
set of coupled nonlinear ordinary differential equations by using similarity variable, which are solved 
numerically by appl  ying Runge–Kutta fourth–fifth order integration scheme in association with quasilinear 
shooting technique. The novel results for the dimensionless velocity, temperature, concentration are displayed 
graphically for various parameters that characterize the flow. The local skin friction, Nusselt number and 
Sherwood number are shown graphically. 
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Introduction 
In many natural and technological processes, temperature 
and mass or concentration diffusion act together to create 
a buoyancy force which drives the fluid and this is known 
as double-diffusive convection, or combined heat and 
mass concentration transfer convection. In oceanography, 
convection processes involve thermal and salinity 
gradients and this is referred to as thermohaline 
convection, whilst surface gradients of the temperature 
and the solute concentration are referred to as Marangoni 
convection. The term double-diffusive convection is now 
widely accepted for all processes which involve 
simultaneous thermal and concentration (solutal) gradients 
and provides an explanation for a number of natural 
phenomena. Because of the coupling between the fluid 
velocity field and the diffusive (thermal and 
concentration) fields, double-diffusive convection is more 
complex than the convective flow which is associated 
with a single diffusive scalar, and much different 
behaviour may be expected. Such double-diffusive 
processes occur in many fields, including chemical 
engineering (drying, cleaning operations, evaporation, 
condensation, sublimation, deposition of thin films, 
energy 
storage in solar ponds, roll-over in storage tanks 
containing liquefied natural gas, solution mining of salt 
caverns for crude oil storage, casting of metal alloys and 
photosynthesis), solid-state physics (solidification of 
binary alloy and crystal growth), oceanography (melting 
and cooling near ice surfaces, sea water intrusion into 
freshwater lakes and the formation of layered or columnar 
structures during crystallization of igneous intrusions in 
the Earth's crust), geophysics (dispersion of dissolvent 
materials or particulate matter in flows), etc. A clear 
understanding of the nature of the interaction between 
thermal and mass or concentration buoyancy forces are 
necessary in order to control these processes. Many 
researchers (Raptis et al., 2004; Hayat et al., 2007; Ishak, 
2010; Aziz, 2009, 2010) have shown interest in recent 
years for obtaining self-similar solutions of boundary 
layer flows with thermal and/or mass diffusion. 
The boundary layer flows and heat transfer over a 
stretching sheet are quite useful in the engineering 

applications. Specific examples of such flows occur in the 
extrusion process, glass fiber and paper production, hot 
rolling, wire drawing, electronic chips, crystal growing, 
plastic manufactures, and aerodynamic extrusion of 
plastic sheets. An extensive literature is available for 
boundary layer flows induced by a stretching sheet (Singh 
and Sharma, 2009). 
A variety of constitutive equations have been suggested to 
predict the behavior of non-Newtonian fluids in industry 
and engineering. Amongst these non-Newtonian fluids, 
there is one simplest model of differential type fluids 
which is known as second grade fluid (Asghar et al., 
2009). This model can describe the normal stress effects 
even in steady flows. Convection flow has further 
practical engineering applications such as cooling of 
polymer films and metallic plates on conveyers. Recently, 
Yao et al. (2011) discussed the flow and heat transfer in a 
viscous fluid flow over a stretching/shrinking sheet with 
convective boundary conditions.  
The second grade fluid model is the simplest subclass of 
viscoelastic fluid for which one can reasonably hope to 
obtain the analytic solution. Even though considerable 
progress has been made in our understanding of the flow 
phenomena, more works are needed to understand the 
effects of the various parameters involved in the non-
Newtonian models and the formulation of an accurate 
method of analysis for anybody shapes of engineering 
significance. Also, the boundary layer concept for such 
fluids is of special importance because of its application to 
many practical problems, among which we cite the 
possibility of reducing frictional drag on the hulls of ships 
and submarines. Furthermore, thermal radiation effects 
and MHD flow problems have assumed an increasing 
importance at a fundamental fabrication level. 
Specifically, such flows occurs in electrical power 
generation, astrophysical flows, solar power technology, 
space vehicle re-entry and other industrial areas. Related 
studies regarding the thermal radiation of a gray fluid 
have been made in the references. 
Hayat and Abbas (2008) examined the heat transfer 
analysis on the MHD flow of a second grade fluid in a 
channel with porous medium.  Hayat et al. (2007) studied 
the influence of thermal radiation on MHD flow of a 
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second grade fluid. Hayat et al. (2007) investigated the 
MHD flow of a second grade fluid in a porous channel. 
Olanrewaju and Abbas (2014) considered the 
corrigendum to convection heat and mass transfer in a 
hydromagnetic flow of a second grade fluid in the 
presence of thermal radiation and thermal diffusion. The 
researcher pointed out several errors in Olajuwon (2011) 
work and numerical solutions of the problem were 
provided with interpretations of the physical parameters to 
give further insight into the problem. 
Hayat et al. (2011) investigated Flow of a second grade 
fluid with convective boundary conditions. Abdul et al. 
(2013) studied Slip Effects on the Flow of a Second Grade 
Fluid in a Varying Width Channel with Application to 
Stenosed Artery.  Singh and Agarwal (2012) examined 
heat transfer in a second grade fluid over an exponentially 
stretching sheet through porous Medium with thermal 
radiation and elastic Deformation under the effect of 
magnetic field.  Baris (2003) discussed the flow of a 
Second-Grade Visco-Elastic Fluid in a Porous Converging 
Channel.  
It may be remarked that earlier studies did not include the 
effect of mass diffusion. However, in many real boundary 
layer flows, the flow, and heat transfer and mass diffusion 
are always coupled. The above study is motivated by the 
above referenced work. In particular, Singh and Agarwal 
(2012) who discussed the heat transfer in a second grade 
fluid over an exponentially stretching sheet through 

porous medium with thermal radiation and elastic 
deformation under the effect of magnetic field. The 
inclusion of the effect of mass diffusion to the existing 
equations make this research work as a pioneering work in 
second grade fluid which no researchers have considered 
it before to the best of our knowledge.  
 
Mathematical Formulation 
A two dimensional laminar flow of an incompressible, 
electrically conduction MHD  viscoelastic liquid due to 
stretching sheet through porous medium of permeability 
k1 is considered with heat transfer when the fluid remains 
stationary. The sheet is stretched with a velocity 

 where b is a real number. The constant mass 

transfer velocity is denoted by 

 We 

choose x-axis along the stretching surface and y-axis 
perpendicular to the x-axis. The present flow 
consideration of second grade fluid is governed by the 
following expressions: 

 ……………………………………(1) 

 

 
 

 …………….(2) 

 

…………………………(3) 

 
 

 …………(4) 

Where u and v denote the velocity components in the x- 

and y-direction, is the second grade parameter,  is 

the coefficient of elastic deformation term,  is the 

viscosity coefficient,  is the kinematic viscosity,  is 

the electrical conductivity,  is the density of the fluid, 

 is the thermal diffusivity,  is the specific heat at 

constant temperature , T is the fluid temperature, υ is the 
kinematics viscosity of the fluid, Q is the heat release per 
unit per mass, g is the gravitational acceleration,  is 

the radiative heat flux, R* is coefficient of the chemical 
reaction parameter, and Dm is the coefficient of mass 
diffusivity, respectively. 
 
The appropriate boundary conditions are considered in the 
following forms: 

…..(5)  
Here k is the thermal conductivity of the fluid, h- the 

convective heat transfer coefficient, - the wall heat 

transfer velocity, and - the convective fluid 

temperature below the moving sheet. 
The radiative heat flux qr is described by Roseland 
approximation such that  

 ……………..(6) 

where  are the Stefan-Boltzmann constant 

and the mean absorption coefficient, respectively. 
Following Olanrewaju and Abbas (2014), we assume that 
the temperature differences within the flow are 
sufficiently small so that the T4 can be expressed as a 
linear function after using Taylor series to expand T4 
about the free stream temperature and neglecting 
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higher-order terms. This result is the following 
approximation: 

 …………..(7) 

Using (5) and (6) in (3), we obtain 

 …………….(8) 

In order to obtain the similarity solution of the research 
problem, the following non-dimensional variables are 
introduced as follows 

…(9) 

where prime symbol denotes differentiation with respect 
to η and Rex =U∞x/υ is the local Reynolds number.  Eqs. 
(1) – (9) reduce to;  

  ...(10) 
 

………………..(11) 
 

 …………..(12) 

 
Satisfying the conditions 

 

….(13) 
Where  

 is the second grade parameter 

 is the magnetic field parameter 

 is the porosity material parameter 

 is the Prandtl Number 

 is the Eckert number 

 is the product of the elastic deformation 

and the second grade parameters 

 is the thermal radiation parameter 

 is the internal heat generation 

 is the Schmitz number 

 is the Soret number 

 is the chemical reaction parameter 

Again, S is the suction and is the boundary constant  

 
Method of Solution 
The coupled non-linear equations (8), (13) and (16) with 
the boundary conditions in Eq. (17) are solved 
numerically using the classical Runge-Kutta method with 
a shooting technique and implemented on Maple (Heck, 
2003). The step size 0.001 is used to obtain the numerical 
solution with seven-decimal place accuracy as the 
criterion of convergence.  
Now, we convert the boundary value problem to an initial 
value problem by making the following assumption. 
Let  

  ………………………….(18) 

 
Satisfying the initial conditions 

  ………(19) 

 

 
We differentiate equation (18) with respect to  in order to have the following systems of equations 
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 ……….(20) 

Eq. 20 is solved using Runge-Kutta Gill methods of order four with shooting integration technique satisfying eq. 19. We 
implemented computer program on Maple that generates the table results and graphs representing the parameter analysis. 
 
Results and Discussion  
Numerical calculations have carried out for different 
values of the thermophysical parameters controlling the 
fluid dynamics in the flow regime. Eq. (20) satisfying eq. 
(19) was solved by using the classical Runge-Kutta 
method of order four alongside with the Shooting 
technique. 
In the Table 1, the Numerical values of the skin-friction, 
the local Nusselt number and the Sherwood number for 
the flow parameters when S = 0.5, Pr = 0.72, and

were discussed. The effects of the second 

grade fluid parameter K was discussed while other 
controlling fluid parameters were kept constant 
(parameter analysis). It is interesting to note at this 
junction that as the second grade parameter K increases, 
the skin-friction, Nusselt number (heat transfer at the 
surface) and the Sherwood number (mass transfer at the 
surface) increases. It implies that the second grade 
parameter enhancing the heat and mass transfer at the 
surface. It was also noted that as the Newtonian heating 

parameter , internal heat generation and the Eckert 

number Ec increases, the heat and mass transfer at the 
surface decreases. It was observed that as the convective 

surface boundary condition parameter called Biot number 
increases, the wall temperature decreases from 6.0, 2.0 
and 1.5. We have also observed that as the porosity P and 
the magnetic field Mn parameters increases, the skin-
friction increases while the heat and mass transfer at the 
wall decreases. From the table, we also observed that as 
the radiation parameter R increases, the heat and mass 
transfer increases. Infact, we can say that radiation 
parameter enhances the heat and mass transfer at the wall. 
Elastic deformation parameter has influence on the 

heat and mass transfer at the surface. From the study, it 
was observed that as this so called parameter increases, 
the heat and mass transfer also increases steadily. 
Similarly, as the Schmidt number Sc and Soret number Sr 
increases, the mass transfer at the wall also increases. In 
another word, we say the so called parameters enhances 
the rate of mass transfer at the wall. Finally, the chemical 
reaction parameter  has a greater influence on the rate of 

mass transfer at the wall. It was a reverse influence as 
against the Schmidt number and the Soret number. 
Increasing the chemical reaction parameter, the rate of 
mass transfer at the wall decreases greatly. 
 

 
Table 1: Numerical values of the skin-friction, the local Nusselt number and the Sherwood number for the flow 
parameters when S = 0.5, Pr = 0.72, and . 

K  Ec P Mn R   Sc Sr      

0.1 
0.2 
0.3 

0.1 0.2 0.2 0.5 0.5 0.5 0.2 0.62 0.2 0.1 −0.64303 
−0.60831 
−0.57971 

1.80985 
1.87987 
1.94495 

0.14914 
0.15577 
0.16182 

5.99999 
6.00000 
5.99999 

0.2 0.1 
0.5 
1.0 

0.2 0.2 0.5 0.5 0.5 0.2 0.62 0.2 0.1 −0.60831 
−0.60831 
−0.60831 

1.87987 
0.61778 
0.46002 

0.15577 
0.05087 
0.03776 

6.00000 
2.00000 
1.50000 

0.2 0.1 0.0 
0.2 
0.5 

0.2 0.5 0.5 0.5 0.2 0.62 0.2 0.1 −0.60831 
−0.60831 
−0.60831 

1.89312 
1.87987 
1.85999 

0.15734 
0.15577 
0.15341 

5.99999 
6.00000 
5.99999 

0.2 0.1 0.2 0.2 
0.7 
1.0 

0.5 0.5 0.5 0.2 0.62 0.2 0.1 −0.60831 
−0.69517 
−0.74093 

1.87987 
1.71997 
1.65190 

0.15577 
0.14045 
0.13367 

6.00000 
6.00000 
5.99999 

0.2 0.1 0.2 0.2 0.5 
1.0 
2.0 

0.5 0.5 0.2 0.62 0.2 0.1 −0.60831 
−0.69517 
−0.83518 

1.87987 
1.71997 
1.53552 

0.15577 
0.14045 
0.12164 

6.00000 
6.00000 
6.00000 

0.2 0.1 0.2 0.2 0.5 0.5 
1.0 
2.0 

0.5 0.2 0.62 0.2 0.1 −0.60831 
−0.60831 
−0.60831 

1.87987 
3.12916 
14.68627 

0.15577 
0.30341 
1.67809 

6.00000 
5.99999 
6.00000 

0.2 0.1 0.2 0.2 0.5 0.5 0.5 
1.0 
1.5 

0.2 0.62 0.2 0.1 −0.60831 
−0.60831 
−0.60831 

1.87987 
14.74897 
0.70485 

0.15577 
1.50859 
−0.18046 

6.00000 
5.99999 
5.99999 

0.2 0.1 0.2 0.2 0.5 0.5 0.5 0.2 
0.4 
0.6 

0.62 0.2 0.1 −0.60831 
−0.60831 
−060831 

1.87987 
1.88048 
1.88110 

0.15577 
0.15584 
0.15591 

6.00000 
5.99999 
5.99999 

0.2 0.1 0.2 0.2 0.5 0.5 0.5 0.2 0.62 
1.00 
1.50 

0.2 0.1 −0.60831 
−0.60831 
−0.60831 

1.87987 
1.88110 
1.88110 

0.15577 
0.23245 
0.32114 

6.00000 
5.99999 
6.00000 
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0.2 0.1 0.2 0.2 0.5 0.5 0.5 0.2 0.62 0.2 
0.3 
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Fig. 1 describes the effects of the second grade parameter 
K on the velocity distribution across the channel while 
other controlling fluid parameters are kept constant. It was 
noted that as K increases the velocity boundary layer 
thickness thickens across the boundary layer. Fig. 2 
depicts the graph of the temperature against  for various 

values of second grade parameter K with other fluid 
parameters kept constants. We noticed that as this 
parameter increases, the thermal boundary layer thickness 
decreases across the flow channel. Fig. 3 represents the 
effects of second grade parameter K on the concentration 
distribution. It was noted that as the second grade 
parameter increases, the concentration boundary layer 
decreases close to the wall plate and away from the wall 
plate. Fig. 4 depicts the influence of the magnetic field 
parameter Mn on the velocity boundary layer thickness 
and it was discovered that this parameter step down the 
rate of flow and directly decreasing the velocity boundary 
layer thickness. Fig. 5 represents the effects of porosity 
parameter P on the velocity boundary layer thickness. 
Similar effect was established with Fig. 4. Increasing the 
porosity values will decrease the velocity boundary layer 
thickness across the boundary. Fig. 6 depicts the curve of 
temperature against spanwise coordinate  for varying 

values of porosity parameter P and fixed values of other 
controlling fluid parameters. It is interesting to note from 
the figure that there were sudden jump from point 4 at the 
wall before decreasing to satisfy the boundary condition. 
It is noted that increasing this parameter thickens the 
thermal boundary layer thickness across the flow channel. 
 

 

 
Fig. 1: Velocity distribution for various values of K when

, Ec = 0.2, P = 0.2, Mn = 0.5, R = 0.5, 

Sc = 0.62, Sr = 0.2, S = 0.5, Pr = 

0.72,  

 

 
Fig. 2: Temperature distribution for various values of K 
when , Ec = 0.2, P = 0.2, Mn = 0.5, R = 0.5, 

Sc = 0.62, Sr = 0.2, S = 0.5, Pr = 

0.72,  

 

 
Fig. 3: Concentration distribution for various values of K 
when , Ec = 0.2, P = 0.2, Mn = 0.5, R = 0.5, 

Sc = 0.62, Sr = 0.2, S = 0.5, Pr = 

0.72,  
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Fig. 4: Velocity distribution for various values of Mn 
when , Ec = 0.2, P = 0.2, K = 0.2, R = 0.5, 

Sc = 0.62, Sr = 0.2, S = 0.5, Pr = 

0.72,  

 
Fig. 5: Velocity distribution for various values of P when

, Ec = 0.2, Mn = 0.5, K = 0.2, R = 0.5, 

Sc = 0.62, Sr = 0.2, S = 0.5, Pr = 

0.72,  

 
Fig. 6: Temperature distribution for various values of P 
when , Ec = 0.2, Mn = 0.5, K = 0.2, R = 0.5, 

Sc = 0.62, Sr = 0.2, S = 0.5, Pr = 

0.72,  

 
Fig. 7 represents graph of temperature distribution with 
spanwise coordinate  for different values of radiation 

parameter R. From this Figure, it is seen that the thermal 
boundary layer thickness decreases across the flowing 
channel. Fig. 8 depicts the effects of Eckert number Ec on 
the thermal boundary layer flow with fixing the remaining 
thermophysical parameters. It is interesting to note a 
sudden jump close to the wall plate before reducing to 
satisfy the boundary conditions. Increasing the Eckert 
number thickens the thermal boundary layer thickness 
across the flow channel. It is also interesting to note that 
at , the reverse was the case towards negative 

temperature. Figure 9 represents the influence of Eckert 
number Ec on the concentration distribution. It is 
interesting to note that as this parameter increases at

, it decreases the concentration boundary 

layer thickness but at , the concentration boundary 

layer thickness increases. Careful section of this 
parameter is highly needed by the design engineers. Fig. 
10 represents the effects of the internal heat generation 

on the thermal boundary layer boundary. It is 

interesting to note that when = 2, there was a sudden 
jump close to the wall plate. Similarly, as we increase this 
internal heat generation parameter, the thermal boundary 
layer thickness thickened.  
 

 
Fig. 7: Temperature distribution for various values of R 
when , Ec = 0.2, Mn = 0.5, K = 0.2, P = 0.2, 

Sc = 0.62, Sr = 0.2, S = 0.5, Pr = 

0.72,  
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Fig. 8: Temperature distribution for various values of Ec 
when , R = 0.1, Mn = 0.5, K = 0.2, P = 0.2, 

Sc = 0.62, Sr = 0.2, S = 0.5, Pr = 

0.72,  

 

 
Fig. 9: Concentration distribution for various values of Ec when

, R = 0.1, Mn = 0.5, K = 0.2, P = 0.2, 

Sc = 0.62, Sr = 0.2, S = 0.5, Pr = 0.72, 

 

 

 
Fig. 10: Temperature distribution for various values of  

when , R = 0.1, Mn = 0.5, K = 0.2, P = 0.2, 

Sc = 0.62, Sr = 0.2, S = 0.5, Pr = 

0.72,  

 
Fig. 11 describes the effects of the elastic deformation 
parameter on the temperature distribution while fixing 

other controlling fluid parameters across the channel. It is 
noted that as the parameter increases, the thermal 
boundary layer thickness decreases. This parameter was 
clearly selected in other to notice the difference in the 
effect on the temperature distribution. Fig. 12 represents 
the effects of suction parameter S on the velocity 
distribution. It established the known fact from the 
literature that suction reduces the rate of flow which 
resulted in the decreasing the velocity boundary layer 
flow. 
 
 

 
Fig. 11: Temperature distribution for various values of 

 when , R = 0.1, Mn = 0.5, K = 0.2, P = 0.2, 

Sc = 0.62, Sr = 0.2, S = 0.5, Pr = 

0.72,  

 

 
Fig. 12: Velocity distribution for various values of S when

, R = 0.1, Mn = 0.5, K = 0.2, P = 0.2, 

Sc = 0.62, Sr = 0.2,  = 0.2, Pr 

= 0.72,  
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Fig. 13: Temperature distribution for various values of  

when S = 0.5, R = 0.1, Mn = 0.5, K = 0.2, P = 0.2, 

Sc = 0.62, Sr = 0.2,  = 0.2, Pr 

= 0.72,  

 

 
Fig. 14: Concentration distribution for various values of Sr when 

S = 0.5, R = 0.1, Mn = 0.5, K = 0.2, P = 0.2, 

Sc = 0.62,  = 0.1,  = 0.2, Pr = 0.72, 

 

 

 
Fig. 15: Concentration distribution for various values of 

 when S = 0.5, R = 0.1, Mn = 0.5, K = 0.2, P = 0.2, 

Sc = 0.62,  = 0.1,  = 0.2, Pr = 

0.72,  

 

Fig. 13 represents the curve of temperature against 
spanwise coordinate  for varying values of convective 

surface boundary condition parameter (Biot number)  

and fixed values of other controlling fluid parameters. It is 
noted that as the parameter increases, the thermal 
boundary layer thickness decreases. Fig. 14 represents the 
effect of Soret number Sr on the concentration boundary 
layer thickness. It is interesting to note that as the Soret 
number increases, the concentration boundary layer 
thickness decreases along negative direction and increases 
along positive values of the concentration profile. Fig. 15 
depicts the plot of concentration distribution with 
spanwise coordinate  for different values of chemical 

reaction parameter  for fixed controlling fluid 

parameters. It is noted that as the chemical reaction 
parameter increases, the concentration boundary layer 
thickness decreases across the flow channel. 
 
Conclusions 
The double-diffusive convection MHD flow of a second 
grade fluid with a convective surface boundary condition 
in the presence of elastic deformation in a porous medium 
with Soret and chemical reaction over a stretching sheet 
were studied numerically. The radiative heat flux is 
modelled through the non-linear Rosseland diffusion 
approximation, which produces one new temperature ratio 
parameter. The present study reveals that this parameter 
influences velocity temperature and concentration fields 
significantly. The effects of various physical parameters 
on fluid flow, heat and mass transfer phenomena have 
been studied. Finally we arrived at the following major 
findings: 

• The velocity distribution boundary layer thickness 
thickens across the boundary as the second grade 
parameter K increases while the temperature and 
concentration boundary layer thickness decreases. 
Similarly, the skin-friction coefficient, the heat 
transfer and the mass transfer rate increases as K 
increases. 

• The velocity profile decreases as the magnetic field 
Mn and porosity parameters increases while the 
thermal boundary layer thickness increases. 
Similarly, the heat and mass transfer rate decreases 
as both parameters increases across the channel. 

• The thermal boundary layer thickness thickens as 

the internal heat generation and the elastic 

deformation parameters increases while the heat 

and mass transfer rate increases as the elastic 
deformation parameter increases. 

• The Biot number  representing cooling effect. 

The rate of heat transfer at the surface increases as 
this parameter increases while the thermal boundary 
layer thickness decreases. 

• The concentration distribution boundary layer 
thickness decreases as the Soret number Sr and the 
chemical reaction parameter increases. 

• It is interesting to note that carefully selection of the 
controlling fluid parameters are needed to get a 
desirable fluid flow model. The elastic deformation 
parameter were carefully selected before the effect 
can be seen or felt on the thermal boundary layer 
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thickness which invariably increases the heat 
transfer rate at the surface. 

• This model will serve as a benchmark on double-
diffusive convection MHD flow on a second grade 
fluid. 
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